Tumor-targeting bacteria elicit anticancer effects by infiltrating hypoxic regions, releasing toxic agents and inducing immune responses. As the mechanisms of action of bacterial therapies are still to be completely elucidated, mathematical modeling could aid the understanding of the dynamical interactions between tumor cells and bacteria in different cancers. Here we propose a mathematical model for the anti-tumor activity of bacteria in tumor spheroids. We consider constant infusion and time-dependent administration of bacteria in the culture medium, and analyze the effects of bacterial chemotaxis and killing rate. We show that active bacterial migration towards tumor hypoxic regions is necessary for successful spheroid infiltration and that intermediate chemotaxis coefficients provide the smallest spheroid radii at the end of the treatment. We report on the impact of the killing rate on final spheroid composition, and highlight the emergence of spheroid size oscillations due to competing interactions between bacteria and tumor cells.
Introduction
terial growth leads to increased bacterial densities. A cytotoxic protein in 48 Escherichia coli was cloned to investigate its effects on tumors as discussed in active cell migration towards waste products from dying cancer cells (Forbes,
in which χ b describes the strength of chemoattraction.
137
Following Breward et al. (2001, 2002) ; Byrne (2012); Boemo and Byrne 138 (2019) we consider the phases as inviscid fluids and associate an interfacial 139 pressure to each of them. For simplicity, we take the pressure in the extra-140 cellular material to be equal to that in the fluid surrounding the spheroid, p.
141
The partial stress tensors in Equation (2) are defined such that the interfacial 142 pressure of each phase is given by the pressure in the extracellular material 143 plus a correction term, specific to its phase (Boemo and Byrne, 2019) :
where I is the identity tensor. The ratio π i /µ characterizes the movement 145 of the i-th phase in the mixture and is generally identified as the phase 146 motility coefficient D i (i = c, b) (Boemo and Byrne, 2019). In the following 147 we will also define χ = χ b /µ as the bacterial chemotactic coefficient.
148
To formulate the mass exchange terms in Equations (1) and (4) , 2009; Grimes et al., 2014) . 163 The resulting mass exchange terms read:
S n = −δ n φ c n.
Here γ i and δ i are the proliferation and death rate of the i-th phase re-164 spectively (i = c, b), whereas δ n is the oxygen consumption rate. We indicate 165 with H (·) a smooth version of the step function, and with n cr the critical 166 oxygen value below which hypoxic conditions develop. Finally, we do not In the following we will be interested in the case of tumor spheroids, for 171 which the assumption of spherical symmetry applies. Therefore, we enforce 172 the problem symmetry and rewrite the equations in terms of one-dimensional, 173 radially symmetric spherical coordinates. We introduce the radial coordinate 174 r defining the radial distance from the center of the spheroid. Recasting 175 Equation (1) in spherical symmetry, after imposing the saturation constraint 176 in Equation (3), gives:
in which v i is the radial velocity of the i-th phase (i = c, b, f). Substituting 178 Equations (5), (7)-(9) and (13) in Equation (2) we obtain for the radial 179 velocities:
after summing over the phases in Equation (2) to express p as a function of the other model quantities (Boemo and Byrne, 2019) . Substituting Equations
182
(14)-(15) in (1) and rewriting the system in spherical symmetry leads to
Note that we do not solve for φ f since it can be obtained as
through Equation (3). 185 We model growth of the spheroid as a free-boundary problem, in which 186 the outer tumor radius r = R(t) moves with the same velocity as the TC 187 phase,
Finally, we define a set of boundary and initial conditions to close the 189 differential problem in Equations (16) 
In the following, we assume a uniform initial tumor volume fraction φ c0 = 194 0.8 across the spheroid (Byrne and Preziosi, 2003) and consider a small value 195 for the bacterial volume fraction at the spheroid outer radius, i.e. φ b0 = 0.01.
196
Regarding the initial conditions, we consider a spheroid devoid of bacteria 197 and displaying a uniform TC volume fraction and nutrient concentration over 198 its radius:
Finally, we prescribe an initial spheroid radius, i.e. R(0) = 150 µm. 
Parameter estimation 201
The parameters used in the model simulations are reported in Table 1 .
202
As we do not focus on a specific cell line we use the generic estimate for 203 TC motility and proliferation rate reported in (Chaplain et al., 2006) . For 204 the critical oxygen concentration, below which cells experience hypoxic con-205 ditions, we take a value similar to the one in (Gerlee and Anderson, 2007; 206 Agosti et al., 2018) . Also, we select the TC death rate in accordance to the Ford et al., 1991; Lewus and Ford, 2001 ). Since we do not consider a specific several days and a few hours. Table 1 for the simulation.
231
The model is able to reproduce the two phases of spheroid growth usually 232 described in the literature (Conger and Ziskin, 1983; Sutherland, 1988; Vinci 233 et al., 2012) . The spheroid radius (see Figure 1A ) displays a first stage of 234 rapid increase, followed by a saturation phase. This behavior is detailed higher χ values. We note that chemotaxis is necessary for bacteria to effec-276 tively colonize the core of the spheroid, as displayed by the plot of bacterial 277 volume fraction at the end of the simulation in Figure 2C . Bacteria that are 278 not subject to chemotaxis (χ = 0 mm 2 d −1 ) do not colonize successfully the 279 spheroid, and populate the aggregate through a low uniform volume fraction. On the other hand, higher values of χ lead to large bacterial volume frac-281 tions in the center of the spheroid, where a hypoxic region is localized. As 282 a result, the core of these spheroids is filled with bacterial cells, as observed 283 in experimental works (Osswald et al., 2015; Suh et al., 2018) . Such hypoxic 284 zones occupy most of the spheroid, as shown by the plot for the nutrient con-285 centration over the spheroid radius ( Figure 2D ). The nutrient level generally 
where the integral is performed over the spheroid volume V sf (i = c, b, f). for higher values of the killing coefficient, whereas the opposite is true for bacteria. Consistently with the behavior of the previous quantities, nutrient concentration ( Figure 3C ) increases for higher values of κ, since smaller 316 spheroids are formed and nutrient can adequately diffuse to their cores. The 317 effect of the killing rate on the spheroid radius is displayed in Figure 3D . By 318 increasing the value of κ, the growth rate of the spheroid decreases, turning 319 even to negative for the highest κ value. The final volume of the spheroids 320 decreases with increasing the cell killing rate ( Figure 3E ), a trend that is 321 also followed by the ratio of the bacterial to TC volumes. The extracellular 322 volume also decreases with increasing κ, indicating that spheroids denser in 323 TCs are obtained. Figure 4B ).
342
The behavior of the different components of the model at day 28, 33 343 (dashed lines in Figure 5 ) and 53 is reported in Figure 5 . TC volume frac-344 tion is considerably affected by the chemotactic behavior of bacterial cells, in 345 all the three observation times (Figures 5A,D,G) . Chemotactic coefficients 346 greater than χ = 0.22 mm 2 d −1 lead to lower φ c at the spheroid center with 347 respect to the no-chemotactic case (χ = 0 mm 2 d −1 ). For the highest value of χ the spheroid core is mostly composed of bacteria, a situation that persists 0 20 40 Figure 7A shows the growth curves of spheroids infiltrated by bacteria 378 characterized by different killing rates. For these simulations we allowed the 379 bacteria to colonize the spheroid by selecting an intermediate chemotactic co-380 efficient (χ = 0.43 mm 2 d −1 ). By increasing the cell killing rate the spheroids 381 reach decreasing saturation radii. For the highest value of the killing rate the 382 spheroid size shows a damped oscillation that dies out approaching the end of 383 the simulation. In Figure 7B , we analyze the effects of TC Figure 7 : A Influence of cell killing rate on tumor spheroid growth curves after bacterial administration. The black arrow indicates the time of bacterial administration, whereas the dashed lines highlight the observation time points in the following plots. The final spheroid radius decreases with increasing cell killing rates. The highest killing rate (κ = 10 d −1 ) gives rise to oscillations of the spheroid size, which die out at longer times. B Number of sign changes in spheroid radial velocity after administration, corresponding to the frequency of the oscillations in spheroid radius. The number of sign changes increases with increasing TC proliferation rate and killing rate.
at day 28, 33 (dashed lines in Figure 7 ) and 53 (end of the simulation). Figures 8B,E,H) .
403
A different scenario occurs for the highest killing rate case, for which the 404 bacterial population oscillates. Starting from an observable volume fraction 405 at day 28 ( Figure 8B ) bacteria have almost disappeared from the spheroid 406 at day 33 ( Figure 8E ). However, at day 53 a non-zero bacterial population 407 is still visible in Figure 8H ; as the administration phase was concluded at Figure 8 : Plots for the volume fractions (TCs and bacteria) and nutrient concentration over the spheroid radius at different observation time points after bacterial administration. Different cell killing rates are considered. TCs: A, D, G; bacteria: B, E, H; nutrient: C, F, I. Increasing the killing rate leads to smaller spheroids with higher TC volume fractions in the core. Bacterial volume fractions are lower over the spheroid radius for larger values of κ, whereas the opposite occurs for nutrient concentration. et al., 2018; Fraldi and Carotenuto, 2018; Giverso and Preziosi, 2019) . We 468 also considered ideal spherical spheroids to reduce the mathematical prob-469 lem to one dimension. Even if the qualitative results will be maintained in a 470 three-dimensional geometry, adopting the latter will be crucial to translate
